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HARD CONSTRAINTS, CONVEX DUALITY, AND THE ENDOGENOUS COST OF
INFORMATION

STEFAN BEHRINGER1
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The rational inattention (RI) literature employs two formulations of information costs:
a hard constraint bounding mutual information by a Shannon capacity, and a soft con-
straint penalising mutual information linearly. We establish the structural relationship be-
tween these formulations via convex duality theory and develop its consequences. First, the
Stratonovich/Shannon Value of Information (VoI), the gain in expected utility attainable un-
der a capacity bound, is the primitive object of rate distortion theory. The soft-constraint
objective is its Fenchel conjugate, the VoI is recoverable from it without parametric restric-
tion, and the marginal cost of information is identified endogenously as the slope of the
VoI. These results extend beyond Shannon costs to a broad class of information costs that
includes f -divergence generalisations of mutual information. A single linear penalty repre-
sents the hard constraint across budgets only where the VoI is affine, a special case. Second,
for Shannon costs a hard-constrained agent chooses as an RI logit agent whose price of in-
formation is endogenous, the inverse of its own demand for information, and the frontier is
the minimum over prices of the expected logsum (inclusive value) of the RI logit plus the
cost of capacity. Third, under quadratic utility the value of any signal equals the reduction
in expected posterior variance for every prior; what distinguishes the Gaussian benchmark is
its distortion-rate function, the expected posterior variance that remains at a given capacity.
Its frontier and conjugate are available in closed form, and the Gaussian frontier is a lower
bound on the VoI of every prior with the same variance.

KEYWORDS: rational inattention, Stratonovich/Shannon Value of Information (VoI), hard
and soft information constraints, convex duality, perturbation duality, Fenchel conjugate,
endogenous information costs, rate distortion theory, Gaussian quadratic benchmark.

1. INTRODUCTION

The rational inattention (RI) model, introduced by Sims (2003), captures the idea that atten-
tion is a scarce resource. Agents optimally allocate their limited information processing capac-
ity, measured in bits, across the dimensions of uncertainty they face. Two formulations have
emerged in the literature. The hard-constraint formulation, as in Sims (2003), bounds mutual
information by an exogenous Shannon capacity Ī . The soft-constraint formulation, predomi-
nant in the subsequent literature surveyed by Maćkowiak, Matějka, and Wiederholt (2023), pe-
nalises mutual information by a linear entropy cost λI(Θ, S), where λ > 0 is an exogenously
imposed parameter.

Azrieli (2021) emphasises that the two formulations are locally equivalent, yielding identical
solutions for a fixed value of the Lagrange multiplier provided the capacity constraint binds, but
globally non-equivalent, as the multiplier varies endogenously across decision problems and
can generate comparative statics reversals. At the level of value functions the two formulations
are related by the conjugate duality of Rockafellar (1974). What has not been worked out is
what this duality implies for the status of the cost functional: which conclusions survive without

Stefan Behringer1 : stefan@stefanbehringer.com
1The author is grateful to Roman V. Belavkin, Julien Béguinot, Michel de Lara, Valérie Girardin, Terry Rockafellar,

and Laura Veldkamp, to seminar participants at GT EMS: Groupe de Travail Entropie (Université de Caen), ENPC
Paris, and the DIS Conference (London, 2025), and to reviewers for comments that motivated some results of this
paper.

https://www.econometricsociety.org/
mailto:stefan@stefanbehringer.com


2

the linear entropy penalty, for which class of information costs, and what the hard formulation
identifies that the soft formulation must assume.

This paper addresses these questions and makes three contributions.
The first contribution is to establish the convex duality structure of the RI problem and to

determine its scope. We show that the Stratonovich/Shannon Value of Information (VoI) V (Ī),
the gain in expected utility attainable with an information capacity Ī , is the information-utility
frontier of rate distortion theory in the sense of Stratonovich (1975/2020), and that the soft-
constraint objective is its Fenchel conjugate (Theorem 1 and (6)), an identity that holds for
any cost functional. By the biconjugate theorem (Theorem 2), V (Ī) is fully recoverable from
the soft-constraint objective, and by the inverse subgradient theorem (Theorem 3) the marginal
cost of information is identified endogenously as the slope of V , determined entirely by the
utility function, the prior and the action space. These results extend beyond Shannon costs:
they hold for every information cost that, like mutual information, never rises when a signal is
garbled, is convex in the signal structure and is lower semicontinuous, a class that includes the
f -divergence analogues of mutual information. The shadow price of capacity is independent of
the budget only on intervals where V is affine, a special case, so in general a single exogenously
imposed λ cannot represent the hard constraint across budgets or across decision problems
(Proposition 2). This formalises Sims’s (2003, 2006) case for the hard constraint.

The second contribution is to connect the duality to the RI logit of Matějka and McKay
(2015), the solution of the soft problem for Shannon costs. Its value, the expected logsum
(inclusive value), is the Fenchel conjugate of the VoI frontier, and the information it acquires
at each price defines a downward-sloping demand for information whose inverse is the shadow
price of the hard constraint. A hard-constrained agent therefore chooses as an RI logit agent at
an endogenous price, and the frontier is the minimum over prices of the expected logsum plus
the cost of capacity (Proposition 3). Because the price depends on the decision problem, a logit
model with a single price fitted across decision problems is misspecified when the constraint is
hard.

The third contribution concerns the Gaussian quadratic benchmark, called the linear-
quadratic case by Sims (2006), which underlies the canonical closed-form solutions of rate
distortion theory and of the RI literature. Under quadratic utility the gain from any signal equals
the reduction in expected posterior variance for every prior (Lemma 1), so dependence of the
VoI on variance alone does not single out the Gaussian case. What distinguishes priors is the
distortion-rate function, the expected posterior variance that remains at a given capacity. For
a Gaussian prior the frontier and its conjugate are available in closed form (Lemma 2): the
shadow price of capacity falls by the factor e−2 with every nat and scales with prior variance,
so that a linear penalty calibrated to one budget or one decision problem misprices capacity at
every other. The Gaussian frontier is moreover a lower bound on the VoI of every prior with
the same variance, so that under quadratic utility the Gaussian benchmark never overstates the
VoI.

The VoI also generates a class of convex risk measures, and the framework has applications
to diagnostic testing, portfolio choice under tail risk, and climate policy under deep uncertainty.
These are developed in the companion paper Behringer (2026), so that the present paper can
concentrate on the duality structure itself.

The paper connects several literatures that have developed largely independently. RI origi-
nated with hard information constraints in Sims (2003). Subsequent models (Van Nieuwerburgh
and Veldkamp, 2010, Matějka and McKay, 2015) typically use soft constraints with costs pro-
portional to mutual information, and Denti, Marinacci, and Montrucchio (2020) relate RI to rate
distortion theory. The VoI, rooted in classical rate distortion theory (Stratonovich, 1975/2020),
is developed for economic contexts in Behringer and Belavkin (2023, 2025, 2026). Robust
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control approaches (Hansen and Sargent, 2001, 2008) share the entropy-based structure but
optimise over alternative probability models rather than over signal distributions. De Lara and
Gossner (2020) exploit the duality between actions and beliefs to characterise the value func-
tion via convex analysis and derive conditions under which information has positive value from
local properties at the prior; their approach is complementary to the duality results in Section 3.

Denti, Marinacci, and Rustichini (2022) show that posterior-based cost representations,
which include the standard entropy penalty of the soft-constraint formulation, are in many
cases inconsistent with any primitive model of costly experimentation. A hard bound on Shan-
non mutual information, itself a posterior-separable functional, does not escape this critique.
The duality results of Section 3, however, do not depend on Shannon costs and apply to any
experiment-based cost in the class described above.

A related strand of the literature pursues a different strategy: rather than taking Shannon
mutual information as the cost functional, it seeks to enrich the family of admissible cost func-
tions. De Oliveira, Denti, Mihm, and Ozbek (2017) show how hidden information costs can be
identified from menu-choice data under three canonical properties of the cost function; their
approach takes the soft-side cost functional as the object to be recovered. Fosgerau, Melo,
de Palma, and Shum (2020) extend the Shannon-logit equivalence to the entire class of addi-
tive random utility discrete choice models by replacing Shannon entropy with a generalised
entropy, with information costs taking the form of Bregman divergences. Bloedel, Denti, and
Pomatto (2025) introduce a cost function based on multivariate f -divergences that generalises
both Shannon mutual information and the class of posterior-separable cost functions, analysing
it via convex duality and Arrow-Pratt methods.

All of these contributions work on the soft side of the hard-soft distinction: they ask which
cost functional to impose or recover, taking it as a primitive of the model. Enriching the cost
class, from Shannon entropy to Bregman divergences or f -divergences, extends the descriptive
reach of the soft approach but leaves its structure unchanged: the cost functional remains an in-
put chosen by the researcher rather than an output of the decision problem. The hard-constraint
approach inverts this structure, and the inversion does not depend on the choice of cost class:
by Theorems 2 and 3, for any information cost in this class the constraint is the primitive and
the implied marginal cost is the slope of the VoI, an output of the utility function, the prior and
the action space.

Section 2 defines the two formulations and develops the framework. Section 3 states the
duality results and their scope. Section 4 treats the Gaussian quadratic benchmark. Section 5
relates hard-constrained choice to the RI logit. Section 6 concludes. Appendix A collects the
proofs, and Appendix B derives the duality results from the conjugate duality of Rockafellar
(1974).

2. FRAMEWORK

2.1. Basic Setup

Let Ω be a finite state space and A a finite action space. The state of the world is a random
variable Θ with prior distribution µ ∈ ∆(Ω), whose realisations are denoted θ; throughout,
upper-case letters denote random variables and lower-case letters their realisations, and E{·} is
the expectation under the joint distribution of all random variables involved. The agent chooses
a signal structure, a conditional distribution p(s|θ) of the signal S given the state (a channel in
the language of information theory), and after observing the realisation s selects the Bayesian
optimal action

a∗(s) = argmax
a∈A

E{U(a,Θ) | S = s},
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where U :A×Ω→R is the utility function. For a fixed prior µ, Shannon mutual information
between Θ and S depends only on the signal structure, and we write it as a function of p:

I(p) := I(Θ, S) =

∫︂
p(θ, s) log

p(s|θ)
p(s)

dθ ds, (1)

measured in bits (or in nats when log = ln), where p(θ, s) := µ(θ)p(s|θ) is the joint distribu-
tion, p(s) :=

∫︁
µ(θ)p(s|θ)dθ is the marginal signal distribution, and integrals over θ are sums

over the finite state space. Section 4 departs from finiteness and works with a real-valued state
and real-valued actions.

2.2. The Stratonovich/Shannon Value of Information

The central object of this paper is built from the supremum of expected utility subject to a
mutual information constraint:

U(Ī) := sup
p(s|θ)

[︁
E{U(a∗(S),Θ)} subject to I(p)≤ Ī

]︁
. (2)

The Stratonovich/Shannon Value of Information (VoI) at information budget Ī is then

V (Ī) := U(Ī)−U(0), (3)

where U(0) := maxa∈AE{U(a,Θ)} is the expected utility achieved by the prior-optimal ac-
tion with no signal. Since U(0) depends only on µ and U and not on Ī , it is a constant
with respect to the optimisation and drops out of all derivative-based results, in particular
V ′(Ī) = U ′(Ī).

The function V (Ī) is the information-utility frontier of rate distortion theory in the sense
of Stratonovich (1975/2020), playing the same role in information economics that the efficient
frontier plays in portfolio theory: the primitive object from which all optimal tradeoffs are
derived.2

2.3. The Two Formulations and Local Equivalence

DEFINITION 1—Hard and Soft Information Constraints:
1. Hard constraint (Shannon capacity):

U(Ī) = max
p(s|θ)

E{U(a∗(S),Θ)} subject to I(p)≤ Ī , (4)

where Ī > 0 is an exogenous information capacity bound. This is the value (2), with the supre-
mum attained (Lemma 3).

2Stratonovich (1975/2020, p. 301, eq. (9.3.7)) calls V (I) = R0 − R+(I) the value of Shannon’s information,
where R+(I) is the minimum expected cost subject to the information constraint and R0 is the prior-optimal base-
line cost. Since Stratonovich works with expected costs rather than utilities, R = −U , and R+(I) ≤ R0 so that
V (I)≥ 0. Our formulation (2) is the utility-maximisation counterpart. Throughout this paper we use λ for the La-
grange multiplier on the capacity constraint, following the conventions of the RI literature. In the logit choice prob-
abilities (10) λ plays the role of a temperature, λ = kBT , since it divides the payoff in the exponent. Stratonovich
(1975/2020, Section 9.4) instead parametrises the extremal distribution by β = 1/λ, the inverse temperature of sta-
tistical mechanics, writing it as proportional to exp(−βc) for cost c=−U .
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2. Soft constraint (entropy penalty):

Vsoft(λ) := max
p(s|θ)

{E{U(a∗(S),Θ)} − λI(p)} , (5)

where λ > 0 is an exogenously imposed penalty parameter.

The Lagrangian of (4) is L=E{U(a∗(S),Θ)}−λ[I(p)− Ī], which is structurally identical
to (5) for the same λ. The first-order conditions therefore coincide for any fixed λ. By KKT
complementary slackness, λ · [I(p) − Ī] = 0 with λ > 0 implies the constraint binds at the
optimum.

The multiplier is a slope of the VoI. Since V is concave (Lemma 4 in Appendix B), we call
λ a subgradient of V at Ī if V (J) ≤ V (Ī) + λ(J − Ī) for all J ≥ 0, and write ∂V (Ī) for
the set of subgradients, the subdifferential; where V is differentiable, ∂V (Ī) = {V ′(Ī)}. For a
convex function such as Vsoft below, subgradients and the subdifferential are defined with the
inequality reversed, as usual.

PROPOSITION 1—Local Equivalence: When the capacity constraint binds, the two formu-
lations yield identical solutions for λ∗ ∈ ∂V (Ī), that is, λ∗ = V ′(Ī) where V is differentiable.
The multiplier λ∗ is determined endogenously in the hard formulation and must be imposed
exogenously in the soft formulation.

REMARK: Local equivalence concerns a fixed budget. For a convex, increasing cost sched-
ule c(I) applied to mutual information, that is, a cost functional C(p) = c(I(p)) of the kind
considered in Theorem 1, the soft problem with cost C(p) selects the budget Ī at which
c′(Ī) ∈ ∂V (Ī) and, at that budget, has the same solution as the hard problem; the schedule
c, however, has to be specified. The hard-constraint formulation accommodates non-linear cost
schedules without specifying one, since it imposes no functional form on costs at all.

2.4. Properties of the VoI

The VoI V (Ī) is non-decreasing, concave and continuous on [0,∞) (Lemma 4 in Ap-
pendix B), reflecting diminishing returns to information: the first bit of information is at least
as valuable as subsequent bits. Its subdifferential ∂V (Ī) is non-empty at every Ī > 0.

Information also has a finite saturation point. Since U(Ī) ≤ E{maxaU(a,Θ)} for ev-
ery budget, with equality once the agent can afford to learn a state-optimal action ao(θ) ∈
argmaxaU(a, θ) in each state, the saturation budget

Īsat := min
{︁
Ī ≥ 0 : U(Ī) =E{max

a
U(a,Θ)}

}︁
is determined by U , µ and A alone. It is finite: the channel that recommends ao(Θ) attains the
full-information value, and its mutual information is H(ao(Θ)), so that

Īsat ≤ H
(︁
ao(Θ)

)︁
≤ min

{︁
H(Θ), log |A|

}︁
,

where the second inequality holds because ao(Θ) is a function of Θ taking at most |A| values.
The minimum in the definition exists because U is continuous, so that the budgets attaining
the full-information value form a closed set. By Lemma 4, U is strictly increasing on [0, Īsat]
and constant on [Īsat,∞): if U(Ī1) = U(Ī2) for some Ī1 < Ī2, concavity and monotonicity
make U constant on [Ī1,∞), so that U(Ī1) is already the full-information value and Ī1 ≥ Īsat.
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Hence for 0< Ī < Īsat the capacity constraint binds and every λ∗ ∈ ∂V (Ī) is strictly positive,
while for Ī > Īsat the constraint is slack and ∂V (Ī) = {0}. In the continuous-state Gaussian
benchmark of Section 4, full information cannot be reached with finite mutual information, and
we set Īsat =∞.

3. CONVEX DUALITY AND ENDOGENOUS INFORMATION COSTS

3.1. The Fenchel Conjugate Relationship

THEOREM 1—Fenchel–Legendre Representation: For any cost functional 0 ≤ C(p) <∞
of the signal structure p(s|θ), define

UC(Ī) := sup
p(s|θ)

{︁
E{U(a∗(S),Θ)} :C(p)≤ Ī

}︁
,

Vsoft,C(λ) := sup
p(s|θ)

{︁
E{U(a∗(S),Θ)} − λC(p)

}︁
,

with sup∅=−∞. Then for every λ≥ 0,

Vsoft,C(λ) = sup
Ī ≥0

{︁
UC(Ī)− λ Ī

}︁
.

For Shannon costs, C = I , the functions UC and Vsoft,C are U and Vsoft, and since U(0) does
not depend on Ī , Theorem 1 reads

Vsoft(λ) = sup
Ī ≥0

{︁
U(Ī)− λ Ī

}︁
= sup

Ī ≥0

{︁
V (Ī)− λ Ī

}︁
+U(0). (6)

Up to the constant U(0), the soft-constraint objective is therefore the Fenchel conjugate of the
VoI: Vsoft(λ)−U(0) = (−V )∗(−λ), the convex conjugate of −V evaluated at −λ.

REMARK—Scope of the duality results: The proof of Theorem 1 uses nothing about C be-
yond C(p) ∈ [0,∞): it only interchanges the supremum over signal structures with the supre-
mum over budgets. The theorem is also an instance of the conjugate duality of Rockafellar
(1974, Theorem 7), with perturbation function F (p, Ī) = −E{U(a∗(S),Θ)} + δ[C(p) ≤ Ī],
where δ[·] is the {0,∞}-valued indicator; Appendix B carries out this derivation step by step.
We are grateful to a referee for this observation. Theorems 2 and 3 additionally require the VoI
to be concave and continuous (Lemma 4). This follows from three properties of mutual informa-
tion: garbling a signal never raises its cost (the data-processing inequality), a mixture of two
signal structures costs at most the average of their costs (convexity in the channel for a fixed
prior), and cost varies continuously with the signal structure (lower semicontinuity suffices).
Any information cost with these properties, such as the f -divergence analogues of mutual infor-
mation, supports the same argument, so the results of this section apply to that entire class, not
only to Shannon costs. Mutual information is specific to what follows: the closed-form Gaus-
sian benchmark (Section 4) and the link to the RI logit (Proposition 3) rely on the logarithmic
structure of Shannon information, which is also what connects the framework to Sims (2003)
and the RI literature.

3.2. Biconjugate Recovery

THEOREM 2—Biconjugate Recovery: For every Ī ≥ 0,

U(Ī) = inf
λ≥0

{︁
Vsoft(λ) + λ Ī

}︁
,
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equivalently

V (Ī) = inf
λ≥0

{︁
Vsoft(λ) + λ Ī

}︁
−U(0).

By Lemma 4, the VoI is concave and continuous on [0,∞), so −V is closed and convex.
Theorem 2 is the biconjugate identity applied to −V (Rockafellar, 1974, Theorem 5, p. 16):
(−V )∗∗ = cl co(−V ) = −V , where cof denotes the convex envelope and cl its closure, both
of which leave −V unchanged;3 by (6), the conjugate of −V is the soft-constraint objective
less the constant U(0). No functional form is assumed for the cost of information as a function
of I(p): the implied cost schedule is recovered from the VoI rather than imposed.

3.3. Endogenous Identification of the Marginal Cost

THEOREM 3—Endogenous Marginal Cost: At any Ī ≥ 0,

∂V (Ī) =
{︁
λ∗ | −Ī ∈ ∂Vsoft(λ

∗)
}︁
.

When V is differentiable, this collapses to λ∗(Ī) = V ′(Ī): primal and dual solutions identify
each other mutually.

Theorem 3 is the inverse subgradient identity applied to −V (Rockafellar, 1974, Theorem 12,
p. 35). It states that λ∗ is a subgradient of V at Ī if and only if −Ī is a subgradient of Vsoft at
λ∗: the hard-constraint value function and the soft-constraint objective are dual representations
of the same information-utility frontier.

PROPOSITION 2—Endogenous Non-Linear Information Costs: The shadow price of capac-
ity λ∗(Ī) ∈ ∂V (Ī) is determined entirely by U , µ, and A. It is independent of the budget on an
interval of budgets only if V is affine on that interval. A single exogenously imposed λ therefore
represents the hard constraint across an interval of budgets only in the special case in which V
is affine there. Where V is affine with slope λ on an interval, the soft problem at that λ is solved
at every budget in the interval, so that the soft formulation does not determine the information
acquired.

Proposition 2 supplies the formal basis for Sims’s (2003, 2006) advocacy of the hard-
constraint approach. In financial markets, information costs are dominated by costly investi-
gation, the hard-constraint cost of acquiring non-public information through experimentation,
surveying, or proprietary research rather than by Shannon capacity costs, the soft-constraint
cost of mapping freely available information into action given limited processing capacity. In-
vestigation costs are not well measured in bits at a constant price: a single bit about a relevant
asset may require extremely costly proprietary research while many irrelevant bits are nearly
free. The cost per bit is therefore decision-problem specific and typically non-linear in bits,
making the linear penalty λI(p) inappropriate as a maintained assumption. The hard-constraint
formulation avoids this difficulty: the shadow price λ∗(Ī), the slope of the VoI, is the maximum
the agent would pay for a marginal unit of capacity and is derived from the primitives of the
decision problem, with no parametric assumption required.

3The convex envelope cof is the largest convex function below f , and the closure clf the largest lower semicon-
tinuous function below f , so each returns f when f already has the property. Here −V , extended by +∞ for Ī < 0,
is convex because V is concave, and lower semicontinuous because V is continuous on [0,∞), including from the
right at Ī = 0 (Lemma 4).
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4. THE GAUSSIAN QUADRATIC BENCHMARK

The Gaussian quadratic case, called the linear-quadratic case by Sims (2006),4 is the canoni-
cal example of rate distortion theory because it is one of the rare cases admitting a closed-form
frontier (Shannon, 1948, Sims, 2003, Cover and Thomas, 2006). This section uses it to display
the duality results of Section 3 in closed form, and clarifies what distinguishes the Gaussian
prior from non-Gaussian priors with the same variance.

Throughout this section the state Θ is real-valued with prior mean µ0 and finite variance σ2,
actions are real numbers, utility is quadratic, U(a, θ) =−(a−θ)2, and information is measured
in nats. Theorem 1 does not use finiteness of the state space, and the Gaussian frontier below is
explicit, concave and continuous, so Theorems 2 and 3 apply to it directly.

4.1. Quadratic Utility and the Distortion-Rate Function

Define the distortion-rate function of the prior under squared error,

D(Ī) := inf
q(a|θ)

{︁
E{(A−Θ)2} : I(Θ,A)≤ Ī

}︁
, (7)

where A is a reconstruction of the state drawn from the channel q(a | θ).

LEMMA 1—Quadratic Utility: Let the prior have σ2 <∞ and let U(a, θ) =−(a− θ)2.
(i) For every signal structure, E{U(a∗(S),Θ)} −U(0) = σ2 −E{Var(Θ | S)}.

(ii) For every Ī ≥ 0, U(Ī) =−D(Ī) and V (Ī) = σ2 −D(Ī).

Part (i) holds for every prior and every signal structure: under quadratic utility, the gain from
a signal is the reduction in expected posterior variance whatever the distribution of the state.
Dependence of the VoI on variance reduction alone is therefore not a property that singles out
the Gaussian case. What distinguishes priors is how much expected posterior variance a given
number of nats can remove. Part (ii) shows that this is measured by the distortion-rate function
D, so that V is the VoI of Stratonovich (1975/2020, eq. (9.3.7)) for squared-error cost and, by
Theorem 3, the shadow price of capacity is the marginal variance reduction, λ∗(Ī) =−D′(Ī)
where D is differentiable.

4.2. The Gaussian Prior: an Explicit Conjugate Pair

LEMMA 2—Gaussian Frontier and its Conjugate: Let Θ∼N(µ0, σ
2) and U(a, θ) =−(a−

θ)2.
(i) For every Ī ≥ 0,

V (Ī) = σ2
(︁
1− e−2Ī

)︁
, (8)

attained by the Gaussian signal S =Θ+ ε with ε∼N(0, σ2
ε) independent of Θ and σ2

ε =
σ2/(e2Ī − 1) for Ī > 0. The frontier is strictly increasing and strictly concave, Īsat =∞,
and the shadow price of capacity is λ∗(Ī) = V ′(Ī) = 2σ2e−2Ī .

(ii) The soft-constraint objective is

Vsoft(λ)−U(0) =

⎧⎪⎨⎪⎩σ2 − λ

2
− λ

2
ln

2σ2

λ
, 0< λ≤ 2σ2,

0, λ≥ 2σ2,

(9)

4In the Gaussian quadratic setting the optimal signal is a linear function of the state, and the optimal action is a
linear function of the signal, since the posterior mean is linear in the observation under Gaussian conjugacy.
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and the capacity chosen at price λ is I(λ) = 1
2
ln(2σ2/λ) for λ ≤ 2σ2 and I(λ) = 0

otherwise.

Three features of Lemma 2 stand out. First, I(λ) is the Gaussian counterpart of the demand
for information of Proposition 3(i), and the conjugate pair identifies budgets and prices mu-
tually, as in Theorem 3: differentiating (9) gives V ′

soft(λ) = −I(λ), and I(λ) and λ∗(Ī) are
inverse functions. Second, the price 2σ2 = V ′(0) is a choke price: it is the marginal value
of the first nat, and an agent facing a soft penalty λ ≥ 2σ2 acquires no information. Third,
the shadow price falls by the factor e−2 with every additional nat of capacity and scales with
prior uncertainty σ2. A penalty λ calibrated to one budget Ī0 therefore misprices capacity at
any other budget Ī1 by the factor e−2(Ī1−Ī0), and a penalty calibrated to one decision problem
misprices it in any problem with different prior variance. This is Proposition 2 in its simplest
explicit form.

REMARK—The Gaussian frontier as a lower bound: The signal of Lemma 2 achieves the
Gaussian variance reduction for any prior with the same variance (Appendix A). Hence, under
quadratic utility,

V (Ī) ≥ σ2
(︁
1− e−2Ī

)︁
for all Ī ≥ 0

for every prior with variance σ2: the Gaussian benchmark never overstates the VoI. A two-
point prior on µ0 ± σ with equal probabilities illustrates the size of the gap: it is fully revealed
with ln 2 nats, so that V (ln2) = σ2, whereas the Gaussian frontier gives 3

4
σ2 at the same

budget. Calibrating the Gaussian benchmark to the variance of a non-Gaussian state therefore
understates the VoI, by an amount that depends on the distortion-rate function of the actual
prior; the consequences for tail risk are analysed in Behringer (2026).

5. HARD-CONSTRAINED CHOICE: LOGIT AT THE SHADOW PRICE

For Shannon costs the soft problem has a well-known solution, the RI logit of Matějka and
McKay (2015); see Maćkowiak, Matějka, and Wiederholt (2023) for a review. By Lemma 3
the soft problem can be posed over state-dependent choice probabilities P (a | θ). For finite Ω
and A and λ > 0, the optimal choice probabilities are

P (a | θ) = P (a)eU(a,θ)/λ∑︂
b

P (b)eU(b,θ)/λ
, (10)

where the unconditional choice probabilities P ∈∆(A) solve

Vsoft(λ) = max
P∈∆(A)

E
{︁
Wλ(Θ;P )

}︁
, Wλ(θ;P ) := λ ln

∑︂
a

P (a)eU(a,θ)/λ. (11)

Actions with P (a) = 0 are never chosen. Choice probabilities (10) are multinomial logit with
alternative-specific constants λ lnP (a), and Wλ is the corresponding logsum, or inclusive
value, the expected maximum utility of discrete choice theory.5 By (6), the expected log-
sum (11) is the Fenchel conjugate of the VoI frontier. Write I(λ) for the information acquired
by a solution of the soft problem at price λ, and P ∗

λ for an optimal P in (11).

5In statistical mechanics (10) is a Gibbs distribution at temperature λ and Wλ is a free energy.
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PROPOSITION 3—Hard-Constrained Choice: Let 0< Ī < Īsat.
(i) Demand for information. Vsoft is convex and non-increasing, −I(λ) ∈ ∂Vsoft(λ), and I(λ)

is non-increasing in λ, with I(λ) =−V ′
soft(λ) wherever Vsoft is differentiable.

(ii) Shadow price as inverse demand. λ∗ ∈ ∂V (Ī) if and only if −Ī ∈ ∂Vsoft(λ
∗).

(iii) Value. U(Ī) = minλ≥0

{︁
Vsoft(λ) + λĪ

}︁
, the minimum is attained exactly at the shadow

prices λ∗ ∈ ∂V (Ī), all of which are positive, and there U(Ī) =E{Wλ∗(Θ;P ∗
λ∗)}+ λ∗Ī .

(iv) Behaviour. At every such λ∗ the soft problem has a solution that acquires Ī nats, and every
such solution solves the hard problem at Ī .

A hard-constrained agent therefore chooses as an RI logit agent whose price of information
is not a parameter but the inverse of its own demand for information at Ī . Since that price
depends on U , µ and A, it differs across decision problems, which is the source of the global
non-equivalence noted by Azrieli (2021); a logit model with a single λ fitted across decision
problems is misspecified when the constraint is hard. In the Gaussian benchmark this demand
curve is given explicitly by Lemma 2(ii). Where demand is strictly decreasing, λ∗(Ī) is found
by bisection on I(λ)− Ī ; at a kink of Vsoft the budget is attained by mixing two logit solutions.

6. CONCLUSION

The structural advantage of the hard-constraint formulation of RI has a precise counterpart
in convex duality theory. The soft-constraint objective is the Fenchel conjugate of the VoI, the
VoI is fully recoverable from it by the biconjugate theorem (Theorem 2), and the marginal
cost of information is identified without parametric restriction as the slope of the VoI by the
inverse subgradient theorem (Theorem 3). These results hold beyond Shannon costs, for the
class of information costs identified in Section 3, which includes the f -divergence analogues
of mutual information. Enlarging the class of soft cost functionals does not remove the need to
specify one; the hard formulation removes it for the whole class. A budget-independent price
of information requires the VoI to be affine, and is inappropriate where information costs are
decision-problem specific and non-linear in bits (Sims, 2006). The rate distortion approach
of Stratonovich (1975/2020), combined with the convex duality of Rockafellar (1974), thus
provides a natural foundation for RI models with non-linear information costs.

For Shannon costs the duality has a direct behavioural reading. The conjugate is the expected
logsum (inclusive value) of the RI logit, the shadow price of capacity is the inverse of the
logit agent’s demand for information, and a hard-constrained agent chooses as a logit agent
at that endogenous price (Proposition 3). The economic problem nonetheless remains one of
constrained capacity rather than marginally priced information: the price is an output of the
decision problem, not a parameter.

The Gaussian quadratic benchmark, the workhorse of the applied RI literature (Maćkowiak,
Matějka, and Wiederholt, 2023), displays these results in closed form. It is distinguished not by
the dependence of the VoI on posterior variance, which holds under quadratic utility for every
prior, but by its distortion-rate function, the expected posterior variance that remains at a given
capacity, and its frontier is a lower bound on the VoI of every prior with the same variance.

The VoI also generates a class of convex risk measures and supports applications to di-
agnostic testing, portfolio choice under tail risk and climate policy; these are developed in
Behringer (2026). Two extensions are natural. First, multi-period settings would connect the
hard-constraint formulation to dynamic RI models, with the shadow price of capacity evolv-
ing as constraints bind sequentially. Second, the logit form of Section 5 is specific to Shannon
costs; for other costs in the class of Section 3 the soft problem no longer yields logit choice,
and what replaces Proposition 3 there is open.
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APPENDIX A: PROOFS

PROOF OF THEOREM 1: Fix λ≥ 0. No property of the cost functional C beyond C(p) ∈
[0,∞) is used. The identity interchanges the order of the suprema over signal structures and
over budgets:

Vsoft,C(λ) = sup
p

{︁
E{U} − λC(p)

}︁
= sup

p

sup
Ī≥C(p)

{︁
E{U} − λĪ

}︁
= sup

Ī≥0

sup
p:C(p)≤Ī

{︁
E{U} − λĪ

}︁
= sup

Ī≥0

{︁
UC(Ī)− λĪ

}︁
.

The first equality is the definition of Vsoft,C ; the second uses λ≥ 0, so that the inner supremum
is attained at the smallest admissible budget Ī = C(p); the third takes the supremum over the
same set of pairs (p, Ī) with C(p) ≤ Ī in the opposite order; the fourth uses the definition of
UC , with sup∅=−∞. Q.E.D.

PROOF OF THEOREM 2: Extend −U to R by setting −U(Ī) := +∞ for Ī < 0.6 By (6),
Vsoft(λ) = supĪ≥0{U(Ī)− λĪ}= (−U)∗(−λ) for λ≥ 0, the Fenchel conjugate of −U eval-
uated at −λ. For λ < 0 the right-hand side is +∞, since U is non-decreasing and −λĪ →∞
as Ī → ∞; we extend Vsoft by +∞ there, so that (−U)∗(y) = Vsoft(−y) for all y ∈ R.
By Lemma 4, −U is proper, closed and convex. By Rockafellar (1974, Theorem 5, p. 16),
cl co(−U) = −U , so the biconjugate satisfies (−U)∗∗ = −U . Unfolding the biconjugate in
terms of Vsoft and substituting λ=−y:

(−U)∗∗(Ī) = sup
y∈R

{︁
yĪ − (−U)∗(y)

}︁
= sup

λ∈R

{︁
−λĪ − Vsoft(λ)

}︁
.

Since Vsoft(λ) = +∞ for λ < 0, these terms do not contribute. Hence U(Ī) = infλ≥0{Vsoft(λ)+
λĪ}, and subtracting the constant U(0) gives the statement for V . For Ī > 0 the infimum is
attained at every λ∗ ∈ ∂V (Ī), which is non-empty, by Theorem 3 (Proposition 3(iii)). Ap-
pendix B derives the same identity from Rockafellar (1974, Theorem 7). Q.E.D.

PROOF OF THEOREM 3: By Lemma 4, −U , extended by +∞ for Ī < 0 as in the proof of
Theorem 2, is a proper closed convex function with non-empty subdifferential at every Ī > 0.
The subdifferential of the concave function V = U − U(0) defined in Section 2 is ∂V (Ī) =
−∂(−U)(Ī), which the constant U(0) does not affect. By Rockafellar (1974, Theorem 12,
p. 35) applied to φ=−U , u= Ī :

∂(−U)(Ī) =
{︁
y | Ī ∈ ∂(−U)∗(y)

}︁
.

By (6) and the extension of Vsoft in the proof of Theorem 2, (−U)∗(y) = Vsoft(−y), so
∂(−U)∗(y) =−∂Vsoft(−y) by the chain rule. Translating with y =−λ∗:

−∂V (Ī) =
{︁
−λ∗ | Ī ∈−∂Vsoft(λ

∗)
}︁
,

which gives ∂V (Ī) = {λ∗ | −Ī ∈ ∂Vsoft(λ
∗)}. When V is differentiable at Ī , the subdifferential

is a singleton, ∂V (Ī) = {V ′(Ī)}, so λ∗(Ī) = V ′(Ī). Symmetrically, when Vsoft is differentiable
at λ∗, ∂Vsoft(λ

∗) = {V ′
soft(λ

∗)} = {−Ī}, establishing the mutual identification of primal and
dual solutions. Q.E.D.

6This makes −U a convex function on R, as required by Rockafellar (1974); points Ī < 0 then drop out of the
conjugate (a negative information budget makes no sense), which reduces to the supremum over Ī ≥ 0 in Theorem 1.
Appendix B shows that this extension arises automatically as the optimal value of the perturbed problem.
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PROOF OF PROPOSITION 2: By Theorem 3, ∂V (Ī) depends only on the frontier V , which
is determined by U , µ and A. If a single λ lies in ∂V (Ī) for every Ī in an interval [Ī1, Ī2], then
V (Ī2)≤ V (Ī1)+λ(Ī2− Ī1) and V (Ī1)≤ V (Ī2)−λ(Ī2− Ī1), so V (Ī2)−V (Ī1) = λ(Ī2− Ī1);
applied to any two points of the interval, this makes V affine with slope λ there. Conversely,
if V is affine with slope λ on the interval, concavity gives λ ∈ ∂V (Ī) at every point of the
interval, and by Theorem 3 −Ī ∈ ∂Vsoft(λ) for each such Ī , so that every budget in the interval
attains the supremum in (6) at price λ. Q.E.D.

PROOF OF LEMMA 1: (i) Under quadratic utility the Bayes-optimal action after signal s
is a∗(s) = E{Θ | S = s}, and its conditional expected utility is −Var(Θ | S = s). Taking
expectations gives E{U(a∗(S),Θ)}=−E{Var(Θ | S)}. Without a signal the optimal action
is µ0, so U(0) =−σ2.

(ii) Let p(s | θ) satisfy I(Θ, S)≤ Ī and put A := a∗(S) =E{Θ | S}. Since A is a function of
S, the data-processing inequality (Cover and Thomas, 2006, Theorem 2.8.1) gives I(Θ,A)≤
I(Θ, S)≤ Ī , so A is feasible in (7) and E{U(a∗(S),Θ)}=−E{(A−Θ)2} ≤−D(Ī). Taking
the supremum over signal structures gives U(Ī) ≤ −D(Ī). Conversely, any channel q(a | θ)
with I(Θ,A)≤ Ī is a feasible signal structure with signal A, and the Bayes-optimal response
E{Θ | A} satisfies E{(E{Θ | A} − Θ)2} ≤ E{(A − Θ)2}. Hence U(Ī) ≥ −E{(A − Θ)2}
for every such channel, and taking the infimum gives U(Ī) ≥ −D(Ī). The expression for V
follows from U(0) =−σ2. Q.E.D.

PROOF OF LEMMA 2: (i) By Lemma 1(ii), V (Ī) = σ2 − D(Ī), and the distortion-rate
function of a Gaussian source under squared error is D(Ī) = σ2e−2Ī (Cover and Thomas, 2006,
Theorem 10.3.2), which gives (8). The signal in the lemma attains it: S is Gaussian, I(Θ, S) =
1
2
ln(1 + σ2/σ2

ε) = Ī , and the posterior variance is σ2σ2
ε/(σ

2 + σ2
ε) = σ2e−2Ī . The derivatives

follow by differentiation, and Īsat =∞ because V (Ī) < σ2 = E{maxaU(a,Θ)} − U(0) for
every finite Ī .

(ii) By (6), Vsoft(λ)−U(0) = supĪ≥0{σ2(1− e−2Ī)− λĪ}, a strictly concave problem. For
λ ≤ 2σ2 the first-order condition 2σ2e−2Ī = λ gives Ī = 1

2
ln(2σ2/λ) ≥ 0; for λ ≥ 2σ2 the

derivative is non-positive on [0,∞) and the maximiser is Ī = 0. By the proof of Theorem 1,
p solves the soft problem if and only if (p, I(p)) attains the supremum over pairs, so this
maximiser is I(λ), attained by the signal of part (i). Substituting e−2I(λ) = λ/(2σ2) gives (9).

Remark following the lemma. Let the prior have variance σ2 and take the same signal
S = Θ + ε. By the maximum entropy property of the Gaussian (Cover and Thomas, 2006,
Theorem 8.6.5), applied to S−E{S}, I(Θ, S) = h(S)−h(ε)≤ 1

2
ln(1+σ2/σ2

ε) = Ī , and the
linear estimate µ0+σ2(S−µ0)/(σ

2+σ2
ε) has mean squared error σ2σ2

ε/(σ
2+σ2

ε) = σ2e−2Ī .
Hence D(Ī)≤ σ2e−2Ī , and the bound follows from Lemma 1(ii). Q.E.D.

PROOF OF PROPOSITION 3: (i) By Lemma 3, Vsoft(λ) = maxq∈Q{L(q) − λI(q)} is a
supremum of affine functions of λ with slopes −I(q)≤ 0, hence convex and non-increasing. If
qλ solves the soft problem at λ, then for every λ′ ≥ 0

Vsoft(λ
′)≥ L(qλ)− λ′I(qλ) = Vsoft(λ)− (λ′ − λ)I(λ),

so −I(λ) ∈ ∂Vsoft(λ). Subgradients of a convex function are non-decreasing, and at a point of
differentiability the subgradient is the derivative.

(ii) is Theorem 3. By (i) and (iv), λ∗ is therefore a shadow price of the budget Ī if and only
if λ∗ is a price at which the soft agent demands exactly Ī .
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(iii) By Theorem 2, U(Ī) = infλ≥0{Vsoft(λ)+λĪ}. A point λ minimises this convex function
if and only if −Ī ∈ ∂Vsoft(λ), that is, by (ii), if and only if λ ∈ ∂V (Ī), a set that is non-empty
for Ī > 0 and contains only positive prices for Ī < Īsat (Section 2). Substituting (11) gives the
last formula.

(iv) The set of solutions of the soft problem at λ∗ is convex, because L − λ∗I is concave
on Q, and compact. The subdifferential of a maximum of affine functions is the convex hull of
the slopes of the maximisers, so −Ī ∈ ∂Vsoft(λ

∗) lies between −I evaluated at two solutions;
since I is continuous along the segment joining them, some solution acquires Ī nats. If q solves
the soft problem at λ∗ with I(q) = Ī , then L(q) = Vsoft(λ

∗) + λ∗Ī = U(Ī) by (iii), and q is
feasible at Ī . Q.E.D.

APPENDIX B: CONJUGATE DUALITY

This appendix derives Theorems 1 and 2 from the conjugate duality of Rockafellar (1974,
Section 4), and in doing so establishes the concavity and closedness of the frontier on which
Theorems 2 and 3 rely. Since the framework is less familiar to economists, we proceed in small
steps.

B.1. Rockafellar’s Framework

Rockafellar’s duality theory is formulated for minimisation problems. A problem of minimis-
ing over a variable x is embedded in a family of perturbed problems indexed by a parameter
u, through a function F (x,u) with values in R ∪ {+∞}, where the value +∞ encodes infea-
sibility. Following the later literature, we call F the perturbation function. Three functions are
attached to F : the optimal value as a function of the perturbation,

φ(u) := inf
x
F (x,u);

the Lagrangian, in which the multiplier y prices the perturbation,

K(x, y) := inf
u

{︁
F (x,u) + ⟨u, y⟩

}︁
;

and the dual function

g(y) := inf
x
K(x, y).

Here u ranges over a linear space of perturbations and y over a linear space of multipliers, and
⟨u, y⟩ is a bilinear pairing between the two, which assigns to a perturbation u its value at the
multiplier y. In the finite-dimensional case relevant here, u, y ∈Rm and ⟨u, y⟩=

∑︁m

i=1 uiyi is
the ordinary inner product; below, the perturbation is a single information budget, m= 1, and
⟨u, y⟩= uy is simply the budget multiplied by its price. The term ⟨u, y⟩ is therefore the cost,
at prices y, of the perturbation u.

The infimum over u has a direct interpretation. For a given choice x, it selects the perturba-
tion that is cheapest at prices y among those under which x is feasible, since infeasible u carry
F (x,u) = +∞. In the familiar case of an inequality constraint, F (x,u) = f(x) if h(x) ≤ u
and +∞ otherwise, the infimum is attained at the binding perturbation u= h(x) when y ≥ 0,
giving K(x, y) = f(x) + y h(x), the textbook Lagrangian with multiplier y on the constraint
h(x) ≤ 0. When y < 0 the infimum is −∞: a negative price rewards the agent for every unit
of slack, and slack can be increased without bound. The multiplier thus acts as a shadow price,
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and the sign restriction y ≥ 0 familiar from the Kuhn–Tucker conditions emerges from the
construction rather than being imposed.

By the definitions, g(y) = infx,u{F (x,u) + ⟨u, y⟩}: the dual function is the optimal value
when the perturbation u is no longer fixed but chosen together with x, at the cost given by the
pairing ⟨u, y⟩. It provides lower bounds on the optimal value of every perturbed problem, since
g(y)≤ F (x,u) + ⟨u, y⟩ for all x and u, hence

g(y)≤ φ(u) + ⟨u, y⟩ for all u, y,

which is weak duality. The results below state when these bounds are tight, so that φ can be
recovered from g.

Theorem 7 of Rockafellar (1974) relates g to φ. Written out without the notation of concave
conjugates, it states that for all y and u

g(y) = inf
u

{︁
φ(u) + ⟨u, y⟩

}︁
, (12)

sup
y

{︁
g(y)− ⟨u, y⟩

}︁
= (cl coφ)(u), (13)

where cl coφ is the closed convex hull of φ, the largest closed convex function lying below φ.
In Rockafellar’s notation, (12) is g = (−φ)∗ and (13) is −g∗ = cl coφ, with conjugates taken
in the concave sense. Identity (12) requires no assumption: substituting the definitions, g(y) =
infx infu{F (x,u) + ⟨u, y⟩}, and taking the infimum over x first gives (12). Identity (13) is the
biconjugate theorem. Two further facts are used below: by Rockafellar (1974, Theorem 1), φ is
convex whenever F is jointly convex in (x,u); and a proper, closed, convex function coincides
with its closed convex hull, in which case (13) recovers φ from g.

B.2. Reduction to Action Recommendations

Signal structures p(s | θ) are not a convenient choice variable for this framework: the signal
space is unrestricted, and expected utility depends on p non-linearly, through the Bayes-optimal
rule a∗. We therefore let the agent choose directly which action to take in each state, that is,
a signal structure whose signals are action recommendations. Let Q denote the set of such
channels: conditional probabilities q(a | θ) of recommending action a in state θ, which form
a compact convex subset of RA×Ω (a finite product of probability simplices). They are the
state-dependent choice probabilities P (a | θ) of Section 5. For q ∈Q let

L(q) :=
∑︂
θ

µ(θ)
∑︂
a

q(a | θ)U(a, θ)

be the expected utility of following a recommended action drawn from q, and let I(q) be the
mutual information between Θ and the recommendation, i.e. I(p) in (1) evaluated at the signal
structure p = q. The objective L is linear in q, which is what the convexity argument below
requires.

LEMMA 3—Recommendations: For every Ī ≥ 0 and λ≥ 0,

U(Ī) =max
q∈Q

{︁
L(q) : I(q)≤ Ī

}︁
, Vsoft(λ) =max

q∈Q

{︁
L(q)− λI(q)

}︁
.

PROOF: A signal structure p(s | θ) together with the Bayes-optimal rule a∗(s) induces the
channel q(a | θ) = P{a∗(S) = a | θ}, with L(q) = E{U(a∗(S),Θ)} and, since a∗(S) is a



HARD CONSTRAINTS AND CONVEX DUALITY 15

function of S, I(q)≤ I(p) by the data-processing inequality (Cover and Thomas, 2006, The-
orem 2.8.1). Hence q is feasible whenever p is, and attains at least the same value in both
problems; for the soft problem this uses λ≥ 0. Conversely, each q ∈Q is itself a signal struc-
ture, with the recommendation as the signal, and the Bayes-optimal response to it does at least
as well as following it, at the same mutual information. The maxima are attained because Q is
compact, L is linear, I is continuous on Q because the state and action spaces are finite, and
the feasible sets are non-empty: an uninformative channel, with q(a | θ) independent of θ, has
I(q) = 0. Q.E.D.

B.3. From the Perturbation Function to Theorems 1 and 2

Step 1 (Perturbation function). Take as variable x= q ∈RA×Ω and as perturbation the infor-
mation budget u= Ī ∈R, and set

F (q, Ī) :=−L(q) + δ
[︁
q ∈Q, I(q)≤ Ī

]︁
, (14)

where δ[·] is 0 when the condition holds and +∞ otherwise. The minus sign turns the maximi-
sation of expected utility into a minimisation, and the indicator imposes the capacity constraint
as a hard constraint. This is the perturbation function of the remark following Theorem 1, with
the signal structure replaced by the recommendation channel, which by Lemma 3 loses nothing.

Step 2 (Optimal value). For Ī ≥ 0, Lemma 3 gives

φ(Ī) = inf
q
F (q, Ī) =−max

q∈Q

{︁
L(q) : I(q)≤ Ī

}︁
=−U(Ī).

For Ī < 0 no channel satisfies I(q)≤ Ī , since mutual information is non-negative, so φ(Ī) =
+∞. Thus φ is exactly the extension of −U by +∞ used in the proofs of Theorems 2 and 3;
the perturbation framework produces it automatically.

Step 3 (Lagrangian). Fix q ∈Q. Since F (q, Ī) =−L(q) for Ī ≥ I(q) and +∞ otherwise,

K(q,λ) = inf
Ī≥I(q)

{︁
−L(q) + λĪ

}︁
=

{︄
−
[︁
L(q)− λI(q)

]︁
, λ≥ 0,

−∞, λ < 0.

For λ ≥ 0 the infimum is attained at the smallest admissible budget, Ī = I(q); for λ < 0 it is
approached as Ī →∞. For q /∈Q, F (q, ·) = +∞ and so K(q,λ) = +∞. For λ≥ 0, K is minus
the soft-constraint objective restricted to recommendation channels, so Rockafellar’s multiplier
y is the information price λ.

Step 4 (Dual function). Minimising over q and using Lemma 3,

g(λ) = inf
q
K(q,λ) =

{︄
−Vsoft(λ), λ≥ 0,

−∞, λ < 0.

Steps 3 and 4 together establish g =−Vsoft on [0,∞), with g =−∞ for λ < 0.
Step 5 (Theorem 1). Inserting Step 2 into (12), and noting that the points Ī < 0 contribute

+∞, for λ≥ 0

g(λ) = inf
Ī≥0

{︁
−U(Ī) + λĪ

}︁
=− sup

Ī≥0

{︁
U(Ī)− λĪ

}︁
.

Comparing with Step 4 gives Vsoft(λ) = supĪ≥0{U(Ī)− λĪ}, which is (6), the Shannon case
of Theorem 1. Identity (12) is an interchange of infima, which is also the content of the direct
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proof of Theorem 1 in Appendix A. For this step the reduction of Lemma 3 is not needed:
taking the signal structure p(s | θ) itself as the variable, with C(p) in place of I(q), Steps 1–5
go through unchanged for any cost functional, which is why Theorem 1 holds in that generality.

Step 6 (Convexity and closedness). This is the step that uses properties of mutual information.

LEMMA 4—Concavity and Continuity of the VoI: The VoI V (Ī) = U(Ī) − U(0) is non-
decreasing, concave and continuous on [0,∞). Equivalently, the function φ of Step 2 is proper,
closed and convex.

PROOF: By Step 2, φ(Ī) =−U(Ī) =−V (Ī)−U(0) for Ī ≥ 0, and φ(Ī) = +∞ for Ī < 0.
Each property of φ is therefore a property of the VoI with the sign reversed: φ convex means V
concave, φ proper means V finite on [0,∞), and φ closed (lower semicontinuous) means that
the VoI cannot jump upwards at any budget, that is, V (Ī) is at least the limit of V along any
sequence of budgets converging to Ī .

Concavity. The term −L(q) is linear, hence convex. The indicator in (14) is convex in (q, Ī)
because the set G= {(q, Ī) : q ∈Q, I(q)≤ Ī} is convex: Q is convex, and mutual information
is convex in the channel for a fixed prior (Cover and Thomas, 2006, Theorem 2.7.4), so for
(q1, Ī1), (q2, Ī2) ∈G and t ∈ [0,1]

I
(︁
tq1 + (1− t)q2

)︁
≤ tI(q1) + (1− t)I(q2)≤ tĪ1 + (1− t)Ī2.

Hence F is jointly convex, φ is convex by Rockafellar (1974, Theorem 1), and the VoI is
concave. In economic terms: mixing the optimal channels for two budgets is feasible for the
averaged budget and yields the averaged expected utility.

Finiteness. φ>−∞ everywhere because L is bounded on the compact set Q, and φ(Ī)<∞
for Ī ≥ 0 because uninformative channels are feasible. Hence the VoI is finite on [0,∞).

No upward jumps (closedness). Let Īn → Ī with lim infnφ(Īn) = ℓ <∞, and pass to a sub-
sequence along which φ(Īn)→ ℓ; along it Īn ≥ 0, since φ= +∞ on (−∞,0). By Lemma 3
there are qn ∈Q with I(qn) ≤ Īn and −L(qn) = φ(Īn). By compactness of Q a further sub-
sequence converges to some q̄ ∈Q, and by continuity of I and L, I(q̄) = limn I(qn)≤ Ī and
−L(q̄) = ℓ. Hence φ(Ī)≤ ℓ, so φ is lower semicontinuous and the VoI cannot jump upwards.

Continuity of the VoI. A concave function that is finite on an interval is continuous at every
interior point of that interval, here on (0,∞), so a break could occur only at the end point
Ī = 0. There a break would mean that the VoI jumps upwards immediately after zero, as if
an arbitrarily small capacity were worth a discrete amount. The previous step rules this out:
limsupĪ↓0 V (Ī)≤ V (0) = 0, while V (Ī)≥ 0 because the VoI is non-decreasing, the feasible
set growing with Ī . Hence the VoI is continuous on [0,∞). For a concave VoI that is finite on
[0,∞), closedness and continuity are thus the same requirement, which is why the main text
states the condition for Theorems 2 and 3 as continuity. Q.E.D.

The proof uses the three properties of mutual information listed in the remark following Theo-
rem 1: the data-processing inequality (in Lemma 3), convexity in the channel, and continuity,
of which only lower semicontinuity is needed.

Step 7 (Theorem 2). By Lemma 4, cl coφ= φ, since φ is already convex and lower semicon-
tinuous (see footnote 3). Inserting Step 4 into (13), and noting that the terms with λ < 0 equal
−∞, for Ī ≥ 0

−U(Ī) = φ(Ī) = sup
λ≥0

{︁
−Vsoft(λ)− λĪ

}︁
.
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Multiplying by −1, which turns the supremum into an infimum,

U(Ī) = inf
λ≥0

{︁
Vsoft(λ) + λĪ

}︁
,

which is Theorem 2. The perturbation route also shows why only non-negative prices appear:
a negative price would pay the agent for every unit of capacity held, and since capacity can be
held without being used, the dual function is −∞ there (Step 3). Theorem 3 then follows from
Lemma 4 and Rockafellar (1974, Theorem 12), as in Appendix A.
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