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Preface

The Value of Information in Economics
and Decision Theory

A Continuous Framework Linking Risk, Uncertainty, and the
Scientific Foundations of Economics

This book presents a new framework for understanding economic
decision-making by integrating information theory, risk, and uncertainty
into a continuous, optimization-based approach. Drawing on the foun-
dational contributions of Claude Shannon and Ruslan Stratonovich, the
manuscript develops the tools needed to distinguish the pure value of ac-
quiring information from its cost in decision problems. This separation
allows for a rigorous treatment of the trade-offs between informational in-
vestment and the expected outcomes of economic decisions.

The core of the book is a comprehensive theory of the Value of Infor-
mation (Vol), where uncertainty is modelled as an information-processing
constraint that affects the structure of optimal decision-making following
Stratonovich (1965, 2020). As observed in foundational work such as Green
and Laffont (1979, 1986), economic theory since the 1970s has focused
increasingly on misaligned objectives among agents, with applications in
principal-agent theory, taxation, insurance, employment contracts, and auc-
tion design.

While modern economic theory has largely focused on strategic infor-
mation asymmetries, with hidden types, incentive compatibility, and mech-
anism design at the core (e.g., Holmstrom (1979) or Myerson (1981)), ear-
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lier approaches treated information as a continuous signal, modelled anal-
ogously to physical systems under uncertainty. Foundational works (e.g.,
Marschak and Radner (1972) or Hurwicz (1960)) explored decision-making
under informational constraints using tools from statistical decision theory
and control theory, rather than strategic elicitation.

This tradition was deeply influenced by developments in information
theory and stochastic processes, particularly the work of Stratonovich
(1963, 1967), whose mathematical formulation of optimal filtering under
noise provided a general theory for decision-making in dynamic systems
with uncertain, degraded signals. His treatment of information flow, quan-
tified through [Shannon (1948)] entropy and processed via Bayesian updat-
ing, laid a conceptual foundation for treating economic behaviour as arising
from constrained information processing under imperfect signals.

This broader perspective, also evident in Arrow (1971) and Theil (1967),
envisioned economics as an information-processing discipline, where uncer-
tainty arises not from strategic concealment but from structural limits on
signal acquisition and processing, a view closer to statistical physics than to
traditional game theory. This book seeks to revive and extend that perspec-
tive, bridging the conceptual gap between information theory as developed
in the classical framework of Cover and Thomas (2006) and the modern
treatment of Polyanskiy and Wu (2025), and contemporary economic mod-
elling. We show that, based on the Vol framework, a wide range of settings
in game theory, finance, statistics, and beyond can be analysed, and that
the same framework is bound, through convex duality Rockafellar (1974,
1970), even to the mathematics of optimal transport.

This book’s Vol approach is also closely related to Sims (2003, 2006),
Rational Inattention framework, which models agents as bounded infor-
mation processors. Rather than assuming perfect information or strategic
concealment, rational inattention introduces explicit limits on attention
and information flow, grounded in information theory. Similarly, the Vol
framework treats uncertainty as a constraint on processing and using in-
formation, offering a natural way to model decision-making under realistic
cognitive and informational limits.

A central theme of the book is the parallel between an information bud-
get and a risk capital constraint. This connection enables the application
of Vol theory to financial portfolio problems, uncertainty quantification,
and robust optimization under limited information capacity. The frame-
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work introduced here not only fills a conceptual gap in classical economic
modelling, but also extends the scope of decision theory to data-intensive
domains such as machine learning and artificial intelligence.

When utility functions are incorporated, the Vol formulation yields con-
vex risk measures in the sense of Artzner et al. (1999) that are extended
coherent in the sense of Rockafellar (2007), and can be extended to en-
tropic optimal transport problems. In these settings, information flows are
viewed as constrained transport of probability mass, offering a new lens
on problems in transport economics, statistical inference, and algorithm
design.

A standout feature of this manuscript is its seamless integration of con-
tinuous uncertainty into the core optimization paradigm that defines neo-
classical economic analysis, as introduced in the first three chapters. This
rigorous yet accessible approach makes the book an ideal resource for grad-
uate students, researchers, and professionals in economics, decision theory,
and data science. It offers a compelling and unified framework for under-
standing information, uncertainty, and rational choice, bridging founda-
tional theory with modern applications.

S. Behringer



June 17, 2026 19:13 The Value of Information output page x

X The Value of Information

Acknowledgements

The co-authors are gratefully acknowledged for their collaboration on
the original joint work and for granting permission to reproduce parts of
that work in this volume. Special thanks are due to *** for exceptional as-
sistance in the design and typesetting of the manuscript and *** for proof-
reading. Further thanks are extended to *** for guidance throughout the
preparation of the manuscript and to *** for suggesting the development
of this book. Finally ***



June 17, 2026 19:13 The Value of Information output page xi
Contents
Preface vii
First Part 1
1. The Concept of Entropy 3
1.1  Whatis Entropy? . . . . . . ... ... ... 3
1.2 What is Information? . . . . . .. ... ... 5
1.3  Conditional Entropy . . . ... ... ... ... ..... 9
1.4 Variance . . . . .. ... Lo o 10
1.5 How does Entropy compare with Variance? . .. .. ... 11
1.6  Entropy and Variance of some standard distributions . . . 14
1.7  Entropy as the expected amount of information . . . . . . 17
1.8 Whydowecare? . .. ... ... ... ... ........ 22
2. Entropy and Lagrange Optimization 25
2.1  MaxEnt distribution . . . .. ... 0oL 26
2.2 Maximum Entropy vs. Maximum Variance . . . . . . . . . 27
2.3 The MaxEnt Theorem . . . . ... ... ... ... .... 28
2.4 Relationship of MaxFnt to other distributions . . . . . . . 30
2.5  The general MaxEnt Problem . . . . .. .. ... ... ... 33
2.6 MaxEnt of Brandeis dice Example (2.1) . . ... .. ... 35
2.7 From Variance to Varentropy: Normalising and Self-
Information . . . . .. .. ... oL 36
3. The Value of Information (VoI) 39
3.1  Generalizing the Brandeis dice Example (2.1) . . . .. .. 39

xi



June 17, 2026 19:13 The Value of Information output page xii

xii

The Value of Information

3.2 The Value of Information (VoI) . . ... ... ... ....
3.3 An information geometric Vol interpretation . . . . . . . .
3.4 The Key Vol Equations . . ... ... ... ........
3.5 The Vol forafairdie. .. ... ...............
3.6 The Stratonovich (1965) Circular Example extended

3.7 Concavity of the Value of Information . .. ... ... ..
3.8  Further Examples with closed form solutions . . . .. ..

From Rate Distortion Theory to Vol: From Cost to Eco-
nomic Utility

4.1 Rate Distortion Theory . . . .. ... ... ... .....
4.2 Rate Distortion Theory as a Vol Problem . ... ... ..
4.3  Utility Functions in Economics . . . .. .. ... .. ...

Integrating Classical Economic Utility Functions into the
Vol Concept

5.1 General Formulation . . . ... ... ... ... ......
52 Examples . . .. ...
5.2.1  Quadratic utility with Normal prior . . . . . . ..
5.2.2  Linear utility with exponential prior . . . . . . ..
5.2.3 CRRA utility with exponential prior . . . . . . . .
5.2.4  CARA utility with exponential prior . . . . . . . .
5.3  Economic Interpretation of Utility in the Vol Framework .
54 Conclusion . . . . . .. ..o

Nonanticipativity, Payoff-Belief Duality, and Vol

6.1 Nonanticipativity in Stochastic Optimization . . . . . . .
6.1.1  Historical Background . . . . . . .. ... ... ..
6.1.2  Nonanticipativity Constraints . . . . .. ... ..
6.1.3  Nonanticipativity in Stochastic Programming . . .
6.2 Lagrange Multipliers as Prices of Information . . . . . . .
6.2.1  Stratonovich/Shannon VoI . . ... ... ... ..
6.2.2  Parallels and Differences . . . ... .. ... ...
6.3 The Payoffs—Beliefs Duality Approach . . . . .. ... ..
6.4 Conclusion. . . . ... ... o

Vol and Rational Inattention

7.1 Theroleofsignals . . ... .................

53

53
95
o7

61

62
63
63
64
64
65
65
66

67

67
67
68
68
68
69
69
70
71

73



June 17, 2026 19:13 The Value of Information output page Xxiii

10.

Contents

7.2 Sims’s original Rational Inattention and VoI . . . . . . ..
7.3 Relaxation of the Hard Mutual-Information Constraint in
Later RI Literature . . . . . . . .. ... ... ... ....
7.4  Extensions of the Soft-Constraint Approach . . . . .. ..
7.5 Convex Duality and the Endogenous Cost of Information;
Behringer (2026) . . . . . ... ..o o

Entropy, Variance, and Risk in Economics and Finance

8.1 Simple, Pragmatic Risk measures in Finance . . . . . . . .
8.2 The Mean-Variance Framework . . . . . . ... ... ...
8.3  Dual Representation of Risk Measures: Economic Founda-
tions . . . . ..
8.3.1  The economic meaning of the dual form . . . . . .

xiii

94

8.3.2  Why variance does not admit a dual representation 95

8.4 The Entropic risk measure . . . . . . . ... ... ... ..
8.5 Convex Risk Measures . . . . . . . .. ... ... .....
8.6  Entropic Risk measure as a Certainty Equivalent . . . . .
8.7 Coherent and Convex Risk Measures . . . . .. ... ...
8.8 The Entropic Risk Measure: Properties . . .. ... ...

Vol based Risk Measures

9.1 The Vol Risk Measure . . . . ... .. ... .. ......
9.2 The Vol Risk Measure: Proof . . . ... ... .......
9.3 The Vol Risk Measure: Geometry . . . . . . .. ... ...
9.4 The Vol Framework: a Unified Graphical View . . . . ..
9.5 The Vol Risk Measure: Properties . . .. ... ... ...
9.5.1  Translation Invariance of Risk Measures . . . . . .
9.5.2  The VoI Risk Measure: Translation Invariance . .
9.5.3  The Vol Risk Measure: Coherence . . . . . .. ..
9.6  Prior Dependence in Vol and Entropic Risk Measures
9.7 The Vol Risk Measure: CARA Utility . . . ... .....
9.8 The Vol Risk Measure: CRRA utility . .. ... .....
9.9 Invariance Property of the Log-Utility Vol with Exponen-
tial Prior . . . . . . ...

Log Utility: The Extended Stratonovich Example and
the Vol Risk Measure

10.1 Setup and Partition Function on the Circle . .. .. ...

96

107

107
108
112
115
115
120
121
122
126
127
135

138

143



June 17, 2026 19:13

The Value of Information output page xiv

xiv The Value of Information
10.2 Logarithmic Utility and the Vol Anomaly . ... ... .. 144
10.3 Economic Implications . . . . . . .. .. ... ... .. .. 146
10.4 TImplications for the Vol Risk Measure . . . ... ... .. 146
Second Part 149
11. Applications of VoI to Chi-squared (x?) and Cressie-Read tests 151

12.

13.

14.

11.1
11.2
11.3
11.4
11.5
11.6
11.7

11.8

11.9

The Hypotheses . . . . . .. .. ... ... ... .. .... 152
Goodness-of-Fit Tests . . . . . .. ... .. ... ... .. 153
Relating Chi-square Test Power to Vol via the Utility Matrix155
Calculation of Mutual Information in Binned Distributions 156
Behaviour of Mutual Information Across Binning Schemes. 159

From Power to Accuracy in Binary Hypothesis Testing. . 159
Behaviour of Kullback-Leibler divergence Across Binning
Schemes . . . . . . ... ... 161
Generalizing the Identity Utility Matrix to Multi-Bin Set-
tings. . . . . . 163

Combining Vol and Test Accuracy in a Single Diagram . . 164

Applications of Vol to a simple Bayesian System: Hy-

pothesis Testing 167
12.1 Discrete Vol Analysis . . . . . . ... ... ... ...... 167
12.2 Vol calculations for Boolean utility . . . . . ... ... .. 168
Applications of Vol to more complex Bayesian Systems 173
13.1 The role of translation invariant utility . . . . . . ... .. 173
13.2 Discrete Fourier Transformation and Vol . . . . . . . . .. 179
13.3 Embedding “circle behaviour” into utilitieson R . . . . . 183
13.4 Fourier embedding: Examples . . . . .. .. ... ... .. 185
13.5 Periodic kernels: Examples . . . . ... .. ... ..... 188
13.6 Practical modelling issues . . . . . ... .. ... ... .. 189
Applications of Vol: Vehicle Routing Problems 191
14.1 The Evaluation Deficit in Algorithm Design . . . . . . . . 191
14.2 The VRP as a Decision Problem under Information Con-
straints . . . ... Lo 192
14.3 Granular Neighbourhoods and the Information Budget . . 193
14.4 Two Ceilings on Information. . . . . . ... ... .. ... 194



Contents

14.5 Road Network Information and the Empirical Vol Curve .
14.6 The Computational Paradigm as a Limiting Case . . . . .
14.7 A Vol-Based Evaluation Criterion . . . . . . . .. .. ...

15. Applications of Vol in Zero Sum Games

15.1 The Valueofagame . . .. ... ... .. ... .....
15.2 Games with information constraints . . . . ... ... ..
15.3 Example of a Zero-Sum game . . . . . . ... ... ...

Third Part

16. Dynamic Vol: Portfolio Theory, Expected Log-Returns,
and Log-Utility

16.1 Arrow/Kelly’s value of information . . . .. ... ... ..
16.2 Why log-utility is reward-independent . . . . .. ... ..
16.3 Arrow/Kelly and the Stratonovich/Shannon VoI . . . . .

17. VoI, RI, and Optimal Transport: A Channel-Design View

17.1 The Kantorovich Optimal Transport Problem . . . . . . .
17.2 The Optimal Channel Problem . . . ... ... ... ...
17.3 Stratonovich’s Value of Information . . . . . ... .. ...
17.4 Comparative Structure and Interpretation . . . . . . . ..
17.5 A Lower Bound on the Kantorovich Metric . . . .. ...
17.6 Entropy Bounds and Information Flow . . . . . . ... ..
17.7 Conclusion and Future Research Directions . . . . . . ..

Appendix A Some Mathematical Definitions
Appendix B Alternative Vol Proof

Bibliography
Index

June 17, 2026 19:13 The Value of Information output page xv

XV

195

233

239
247



June 17, 2026 19:13 The Value of Information output page 1

PART 1
First Part

Optional Text



